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Abstract

In this article, we consider a small rigid body moving in a viscous fluid filling the whole R>.
We assume that the diameter of the rigid body goes to 0, that the initial velocity has bounded
energy and that the density of the rigid body goes to infinity. We prove that the rigid body
has no influence on the limit equation by showing convergence of the solutions towards a
solution of the Navier—Stokes equations in the full plane R

Keywords Incompressible flow - Navier-Stokes equations - Fluid—structure interaction -
Small obstacle - Singular limit

1 Introduction

In this paper, we consider a fluid-solid system consisting in a small smooth rigid body €2, of
size € evolving in a viscous fluid filling the whole of R?. Our aim is to determine the limit of
this coupled system when the size of the rigid body ¢ goes to 0.

Let us describe now the fluid solid system of equations. To do that, we need to introduce
some notation. We denote by u,, respectively pg, the velocity, respectively the pressure, of
the fluid; they are defined on R? \ 2, the exterior of the smooth rigid body ;. The evolution
of the rigid body €2, (¢) is described by &, the position of its center of mass, and by 6;, the
angle of rotation of the rigid body compared with the initial position. We have that

cosb.(t) —sinfO(r)

sinf.(t)  cosB.(t) > ((0) — he(0)).

Qs(t) = hs([) + (
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The velocity of the fluid verifies the incompressible Navier—Stokes equations in the exterior
of the rigid body:

oug
ot

On the boundary of the rigid body we assume no-slip boundary conditions:

+up Vg —vAu, +Vpe =0, divu, =0 fort>0andx € R>\ Q.(¢). (1)

ug(t,x) = h(1) + 0.(t)(x — he(1))t fort > 0 and x € 9, (1). 2)
Moreover, the velocity is assumed to vanish at infinity:

lim wug(t,x) =0fort > 0. 3)

|x|—>o00

Now we write down the equations of motion of the solid body. Let us denote by m, the
mass of the solid and by J, the momentum of inertia of the solid. We also denote by o (u¢, pe)
the stress tensor of the fluid:

o(ug, pe) =2vD(ug) — peln

where I is the identity matrix and D(u,) is the deformation tensor

1 (Oug;  Ougj
Daus) = - (S + S
2 3)Cj axi ij

Then the solid body 2. () evolves according to Newton’s balance law for linear and
angular momenta:

mehl (1) = —/ o (ug, pe)ne fort >0, 4
092 (1)

and
Te0; (1) = —/ (0 (e, peIne) - (x — hg)* fort > 0. (5)
092 ()

Above n. denotes the unit normal to d€2; which points to the interior of the rigid body
¢, the orthogonal x1 is defined by xt = (—x2, x1) and o (ug, pe)n. denotes the matrix
o (ug, pe) applied to the vector ng.

One can obtain energy estimates for this system of equations. If we formally multiply the
equation of u, by u., do some integrations by parts using also the equations of motion of the
rigid body, we get the following energy estimate:

t
e (D122, + melhe O + Je0,OF + 4v /0 1D U172 g
< e 0172 @2\q, ) + melhy O + Je16,(0). ©)

To solve the system of equations (1)—(5), we need to impose the initial data. For the
fluid part of the system we need to impose the initial velocity u. (0, x). The two equations
describing the evolution of the rigid body are second-order in time, so we need to know
he(0), h(0), 6;(0) and 6.(0). The system of equations being translation invariant, we can
assume without loss of generality that the initial position of the center of mass of the rigid
body is in the origin: s, (0) = 0. Moreover, from the definition of the angle of rotation 6,
we obviously have that 6,(0) = 0. So we only need to impose u, (0, x), h,(0) and 6.(0).
The initial velocity will be assumed to be square integrable only. As such, its trace on the
boundary is not well-defined. Only its normal trace is defined thanks to the divergence free
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condition. Therefore, we need to impose the following compatibility condition on the initial
velocity:

ue(0, %) e = [BL(0) +6/O)(x = he(0))" ] -n on 92.(0). 7)

In conclusion, to solve the system of equations (1)—(5), we need to impose that u. (0, x) €
L*(R? \ ©(0)), that divu, (0, x) = 0 in R? \ ©,(0) and the compatibility condition (7).
There is no condition required on 4/,(0) and 8/(0) while A, (0) = 0 and 6,(0) = 0.

To state the classical result of existence and uniqueness of solutions of (1)—(5), it is
practical to extend the velocity field u, inside the rigid body as follows:

ug(t, x) ifx € R2\ Q:(t)

RL() +6L()(x —he ()Y ifx € Qu(r). ®

Ug(t,x) = {

The conditions imposed on the initial data ensure that 7, (0, x) belongs to L?(R?) and is
divergence free in R

Let us denote by p. the density of the rigid body .. We extend p, in the fluid region
R? \ Q, by giving it value 1:

1,  xeR>\Q:0)

prlt ) = {pe, x € Q).

Due to the energy estimates (6), global existence of finite energy solutions of (1)—(5)
have been proved in a variety of settings. The literature is vast, we give here just a few
references dealing with the dimension two: in [2,7,13] the authors consider the case of one
or several rigid bodies moving in a bounded domain filled with a viscous fluid while in [15]
the authors consider a single disk moving in a fluid filling the whole plane. The existence for
the problem we are considering here was not explicitly studied in these works (because we
do not assume the rigid body to be a disk), but more complicated cases have been considered
in the literature: the case of a 2D bounded domain where collisions with the boundary must
be taken into account (see [2,7,13]) and the case of R? with a rigid body of arbitrary shape
(see for example [14,16]). From these results we can extract the following statement about
the existence and uniqueness of solutions of (1)—(5). We use the notation R = [0, co) and
emphasize that the endpoint O belongs to R ;. This is important when we write local spaces
in R like for instance L%OC (R4+) ={f; f square integrable on any interval [0, ¢]}. We will
give a formulation of the PDE in terms of the extended velocity .

Theorem 1 Letu, (0, x) € L2(R?\ Q2 (0)) be divergence free and verifying the compatibility
condition (7). We assume that h;(0) = 0 and 6;(0) = 0 and we extend u.(0, x) to u:(0, x)
as in (8). Then U (0, x) is divergence free and square integrable on R2? and there exists a
unique global weak solution (ug, he, 0¢) of (1)—(5) in the following sense:

e ug, he, 0, satisfy

ue € L¥(Ry; L2(R?\ Q) N L7, (Rys H' (R \ Q)),

loc

he € WEO(R 4 RY), 6, € WH(R; R);

o if we define Ui as in (8) then U, is divergence free with DU (t, x) = 0 in Q. (t) and the
equations of motion are verified in the sense of distributions under the following form

_/ / Petle - (at(Pe + (i - V)@E) + 2‘)/ / D) : D(ge)
0 R2 0 R2
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_ / 7 (0)71, (0) - . (0).
RZ

for any divergence free test function g, € H (R4 x R%) compactly supported in time
and such that D, (t, x) = 0 in Q. (1);

Moreover, U, satisfies the following energy inequality:

t
/5a|ﬁa|2+4v// ID(ﬁe)IQS/ P (0) [ (0)|* V1 > 0. (C))
R2 0 Jr2 R2

As mentioned before, we are interested in describing the asymptotic behavior of this
fluid-solid system when the diameter of the rigid body €2, goes to 0. There are several papers
dealing with this issue when the rigid body does not move with the fluid. Iftimie, Lopes Filho
and Nussenzveig Lopes [9] have treated the asymptotic behavior of viscous incompressible
2D flow in the exterior of a small fixed rigid body as the size of the rigid body becomes
very small, see also [1] for the case of the periodic boundary conditions. Moreover, Lacave
[10] considered a two-dimensional viscous fluid in the exterior of a thin fixed rigid body
shrinking to a curve and proved convergence to a solution of the Navier—Stokes equations in
the exterior of a curve.

Although we are dealing here only with viscous fluids, let us mention that the case of
a perfect incompressible fluid governed by the Euler equations also makes sense and the
literature is richer. Let us mention a few results. Iftimie, Lopes Filho and Nussenzveig Lopes
[8] have studied the asymptotic behavior of incompressible, ideal two-dimensional flow in
the exterior of a small fixed rigid body when the size of the rigid body becomes very small.
Recently, Glass, Lacave and Sueur [4] have studied the case when the solid body shrinks to
a point with fixed mass and circulation and is moving with the fluid. The same three authors
also consider in [5] the case when the body shrinks to a massless pointwise particle with
fixed circulation. In that case, the fluid-solid system converges to the vortex-wave system. In
addition, Glass, Munnier and Sueur [6] considered the case of a bounded domain.

As far as we know, there is only one result dealing with the case of a small rigid body
moving in a viscous fluid in dimension two. More precisely, Lacave and Takahashi [11]
considered a small moving disk in a two-dimensional viscous incompressible fluid. They
used a fixed-point type argument based on previously known L? — L9 decay estimates of
the linear semigroup associated to the fluid-solid system (see [3]). They proved convergence
towards the solution of the Navier—Stokes equations in R? under the assumption that the rigid
body is a disk of radius e, that the density p, is constant plus some smallness assumptions
on the initial data (including the smallness of the L? norm of the initial fluid velocity). More
precisely, their result is the following.

Theorem 2 ([11]) There exists a constant Ao > 0 such that if

o u.(0,x) € L2(R2\ €,(0)) is divergence free and verifies the compatibility condition
(7,

the rigid body is the disk Q; = D(hg, €);

the density pe is assumed to be independent of ¢;

s (0, x) converges weakly in L2(R?) to some ug(x);

we have the following smallness of the initial data

e (0, )| 22\, 0y + 1AL O)] + £216,(0)] < Ao (10)

then the global solution W, given by Theorem 1 converges weaks in L® (R ; L*(R?)) N
lea Ry H L(R2)) towards the weak solution of the Navier—Stokes equations in R? with
initial data uy.
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Although they state their result for constant density, presumably the proof can be adapted to
the case where p, > po for some pg > 0 independent of . On the other hand, the hypothesis
that €2, is a disk seems to be essential in the result of [11]. Indeed, a key ingredient are the
estimates of [3] and the proof of that result relies heavily on the fact that €2, is a disk because
it uses explicit formulae valid only for the case of a disk. Moreover, it is also hard to see
how the smallness condition (10) could be removed in their argument. Indeed, they use a
fixed point argument and that requires smallness at some point. Let us observe that in [11]
the authors also obtain uniform bounds in ¢ for the velocity of the disk. Therefore, they can
prove that the center of mass of the disk converges to some trajectory. However, nothing can
be said about this limit trajectory.

Here, we improve the result of [11] in two respects. First, the rigid body does not need
to be a disk. It does not even need to be shrinking homothetically to a point like in [11]. We
only assume that the diameter of the rigid body goes to 0. Second, we require no smallness
assumption on the initial fluid velocity u, (0, x). On the other hand, we need to assume that
the density of the rigid body goes to infinity and we are not able to prove uniform bounds on
the motion of the rigid body as in [11]. More precisely, we will prove the following result.

Theorem 3 We assume the hypothesis of Theorem 1 and moreover

o Q.(0) C D(O, ¢);
e the mass mg of the rigid body verifies that

— —> 00 ase — 0; (11)

e u.(0, x) is bounded independently of € in L2(R? \2:(0)) and /mh,(0) and / J-0.(0)
are bounded independently of ¢;
o 1. (0, x) converges weakly in L*>(R?) to some uq(x) where (0, x) is constructed as

in (8).

Let (ug, he, 0;) be the global solution of the system (1)—~(5) given by Theorem 1. Then U,
converges weak* in L (R4 ; L*R?*) N LIZOC(RJr; HY(R?)) as ¢ — 0 towards the solution
of the Navier-Stokes equations in R* with initial data u.

It will be clear from the proof that the convergence of i, is stronger than stated. For
instance, we shall prove that 7, converges strongly in L120C (see Sect. 4).

Let us remark that if the measure of €2 is of order £ (something which is true if the rigid
body shrinks homothetically to a point, i.e. if 2.(0) is € times a fixed rigid body) then the
hypothesis (11) means that the density p. of the rigid body goes to co as ¢ — 0.

Observe next that the boundedness of u, (0, x) in L2(R? \ €2,(0)) and the boundedness
of \/mzh’,(0) and \/J.6.(0) imply the boundedness of ./ (0, x)i (0, x) in L?(R?). Since
pe — oo this implies that i, (0, x) is bounded in L2(R?). Therefore, the weak convergence
of 1 (0, x) to ug(x) is not really a new hypothesis.

Moreover, the boundedness of /p. (0, x)i: (0, x) in L2(R?) and the energy inequal-
ity (9) imply that ,/p,1i, is bounded independently of ¢ in the space L (R, ; L>(R?)) N
L2 (Ry; H'(R?)). Using again that p, — oo we deduce that i, is also bounded indepen-
dently of & in L®(Ry; L2(R?)) N L (Ry; H'(R?)). And this is all we need to prove the
convergence of i, towards a solution of the Navier—Stokes equations in R?. Our proof does
not require that i, verifies the boundary conditions on ., nor do we need that Dii, = 0
in Q.. We only need the above mentioned boundedness of i, and the fact that it verifies
the Navier—Stokes equations (without any boundary condition) in the exterior of the disk
D(h.(1), €). We state next a more general result.
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Theorem 4 Let v, be a time-dependent divergence free vector field defined on Ry x R?
belonging to the space

LO®Ry; L2R?) N L7 (Ry; H'(R?) N CY(Ry; LT (R*\ D(he(1), €))) (12)

loc loc

and let hy € WI’OO(R+; R2). Assume moreover that

e v, is bounded independently of € in the above space;
e v.(0, x) converges weakly in L? as ¢ — 0 to some vo (x); o
e v, verifies the Navier—Stokes equations in the exterior of the disk D(h.(t), €):

0ive — VAV, + Vg - Vg = =V, inthe set {(t,x); t > 0and |x — he(t)| > &} (13)

for some 1,
o thevelocity of the center of the disk verifies that e|h/,(t)| — 0in L°.(Ry) whene — 0.

loc

Let v be the unique solution of the Navier—Stokes equations in R? with initial data vo. Then
v, converges to v as € — 0 weaksx in the space L (Ry; LZ(R?)) N L%UC(R+; HY(R?)).

Theorem 4 with v, = #, implies Theorem 3. Indeed, we already observed above that i,
has all the properties required from v, in Theorem 4. And the hypothesis made on the mass
of the rigid body, see relation (11), in Theorem 3 implies that g|h/(r)] — 0 in Ly (Ry)
when ¢ — 0. This can be easily seen from the energy estimate (6). Indeed, the hypothesis
of Theorem 3 implies that the right-hand side of (6) is bounded uniformly in ¢ so \/m.h;,
is uniformly bounded in ¢ and ¢. The fact that % — 00 and the boundedness of ,/mh,
implies that ek, — 0 as ¢ — 0 uniformly in time.

The idea of the proof of Theorem 4 is completely different from the proof givenin [11]. We
multiply (13) with a cut-off vanishing on the disk D (%, (t), €) constructed in a very particular
manner. We then pass to the limit with classical compactness methods. The difficulty here
is that the cut-off function itself depends on the time, so time-derivative estimates of v, are
not so easy to obtain. Also, passing to the limit in the terms d,v and Av is not obvious: the
first is difficult because the time derivative is hard to control and the second one is difficult
because the cut-off introduces negative powers of ¢ in this term.

The plan of the paper is the following. In the following section we introduce some notation
and prove some preliminary results. In Sect. 3 we construct the special cut-off near the rigid
body. The required temporal estimates are proved in Sect. 4. Finally, we pass to the limit in
Sect. 5.

2 Notation and Preliminary Results

We use the classical notation C™ for functions with m continuous derivatives and H™ the
Sobolev space of functions with m square-integrable weak derivatives. The notation C}'
stands for functions in C"" with bounded derivatives up to order m. All function spaces and
norms are considered to be taken on R? in the x variable unless otherwise specified. We define
C gfa to be the space of smooth, compactly supported and divergence free vector fields on R2.
The derivatives are always taken with respect to the variable x unless otherwise specified.
The double dot product of two matrices M = (m;;) and N = (n;;) denotes the quantity
M:N=3 jmijnij. We denote by C a generic universal constant whose value can change
from one line to another.
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Lety € C,i Ry Cgf’a). We define the stream function ¥ of ¢ by
(=t
v = [ 55 ey,
R2 27|x — y|

It is well-known that ¢ € C ; (R, ; C*®) and V1 = ¢. The stream function v given
above is characterized by two facts. One is that V-4 = ¢ and another one is that it vanishes at
infinity. But in our case, the vanishing at infinity is not important since we will use compactly
supported test functions. On the other hand, it is useful to have the stream function small in
the neighborhood of the rigid body. We define now a modified stream function, denoted by
W, which vanishes at the center of the disk D (h.(¢), €):

Velt, x) = (1, x) — (1, he(2)). (14)

Observe that even if ¢ is constant in time, the modified stream function still depends on the
time through /.. We collect some properties of the modified stream function in the following
lemma.

Lemma 1 The modified stream function v, has the following properties:

(i) We have that yr, € WH®° (R, ; C®) and V-, = ¢
(i1) Forallt,R > 0andx € R2 we have that

e (2, L (D), R)) < Rll@(t, )L (15)

and

18:e (2, Il oo (Do (1), RY) = Rt Lo + A (DIl )l (16)

with the remark that the last relation holds true only almost everywhere in time.

Proof Clearly V1y, = V¢ = ¢. Since h, € WI(Ry) and ¥ € C}(Ry; C®) we
immediately see that . € W1 (R, ; C*) which proves (i).
By the mean value theorem

[We(t, )| = [, x) =¥ (1, he ()] < |x = he OIVY (2, )| L
= lx —heOlll@@, L. a7

Relation (15) follows. To prove (16) we recall that /. is Lipschitz in time so it is almost
everywhere differentiable in time. Let 7 be a time where /. is differentiable. We write

O e (t, x) = 0 (Y (t,x) — Y (t, he(1)))
= (1, x) = Y (t, he (1)) — hy(1) - VY (2, he (1))

SO
10: e (. Lo (Dhe (). R)) < N0 (t, X) — (2, he 1)) | Loo(D (s (1), R))
+ R,V (2, )| L=
< RO VY (2, i + R (D@, )]l
= R3¢, )z + A, (Dl )lLe.
This completes the proof of the lemma. O
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We will need to define a cut-off function near the rigid body with L2 norm of the gradient
as small as possible. This will be done in the next section. For the moment, let us recall that
the function that minimizes the L2 norm of the gradient, that vanishes for |[x| = A and is
equal to 1 for [x| = B is harmonic. So it is given by the explicit formula

0 if x| < A
fas :R2—> 10,11, fap()={pblgnd ifa < x| <B
1 if |x| > B.

This special cut-off has the following properties.

Lemma2 We have that fa p € W12 Moreover,

) N 1 1
Ifa5@) =12, = A Sy

2Infa¢  2Infe¢ Ina

IV a2 =
R P
and
2 2 _ 4
” x|V foB||L2(A<|x\<B) T na

_ B
where o = %.
Proof The Lipschitz character of f4 p is obvious once we remark that f4 p is smooth for

|x] # A and |x| # B and continuous across |x| = A and |x| = B.
Next, we have that

I fa () — 112 =/ ldx—l—/
|x|<A A<|x|<B
32
:TL’A2+7/ 1n2|y|dy
(In B —1n A)? A/B<|y|<1

2 o? ! 2
=mA° |1+ 5 In“r2rdr
In“o Ji/a

A2< o? 1 1 )
=7 S ———
2Infa¢  2lnfa Ina

From the definition of f4, p, we compute for A < |x| < B

Injx| —InB?

InB—InA

X V2
Vv =—— and |V? = —:
fa.B Plna [V fa.Bl Plna
5 1 1 2
b
IV fasl> = —f —ydr =
L In? o A<|x|<B |x|2 Ina
and 2 1 4
2 T
x|V? = —— —dx = —.
[1xI fAvB||L2(A<\x|<B) In2 o /:4<|x\<B |x |2 Ina
This completes the proof of the lemma. O
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3 Cut-off Near the Rigid Body

We begin now the proof of Theorem 4. It suffices to prove the following statement.

Proposition 1 For all finite times T > 0 there exists a subsequence ve, which converges
weakxin L*°(0, T, Lz)ﬂLz(O, T: H") towards a solutionv € L*(0, T’; L2)0L2(0, T; Hl)
of the Navier—Stokes equations on [0, T) x R2 with initial data vy.

Indeed, let us assume that Proposition 1 is proved. We know that the Navier—Stokes
equations in dimension two have a unique global solution v in the space L>®°(R4; L?) N
L>(R,; HY), see for example [12]. The solution v from Proposition 1 is necessarily the
restriction to [0, T'] of this unique global solution. Since we have uniqueness of the limit,
we deduce that the whole sequence v, converges weak* in L*°(0, T; L2) N L2(0, T:H 1)
towards v. Since T is arbitrary, Theorem 4 follows.

The rest of this paper is devoted to the proof of Proposition 1. Let 7 > 0 be fixed. From
now on the time ¢ is assumed to belong to the interval [0, 7']. The constant K will denote a
constant which depends only on v and

sup [Vellpoo(0,7:22)n2200,7: HY)
O<e<l

and whose value may change from one line to another. In particular, the constant K does not
depend on €.
By hypothesis we know that

lim sup slh’g(t)| =0. (18)
8—»0[07T]
We assume that ¢ < 1/100 and we choose o, such that

1
100 <o < —, limoy =00 and lin%)eozs(l +1h,) =0 (19)
E—>

& e—0

uniformly in ¢ € [0, T]. The existence of such an &, follows from (18). Indeed, we could
choose for instance

o = max

1
100, —MM8¥—11 .
sup /& + elh(1)|
[0.T]
We construct in the following lemma a special cut-off function f; near the disk D (. (), €)
such that f.(x) = O forall |x| < e and f.(x) = 1 forall |x| > ea,.
Lemma 3 There exists a smooth cut-off function f. € C®(R?; [0, 1]) such that

(1) fe vanishes in the neighborhood of the disk D(0, ) and fe = 1 for|x| = eay;
(ii) there exists a universal constant C such that

el = L IVfllr < s [V Al < e e — 12 < € 2%
& E) elNL —_ \/thS! & L2 iy m’ & L —_ lnaé‘

Proof From Lemma 2 we observe that the function

0 if |x| <e

~ X '

Je = fepa, = %&{8) ife < |x| < e
1 if [x] > eae
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satisfies
~ ~ C 2> C
e N e o P
and
~ £
I fe— 1.2 = Cln%

so it has all the required properties except smoothness. More precisely, f; is not smooth
across |x| = ¢ and |x| = ea,. To obtain a smooth function f; from ﬁ we need to cut-off in
the neighborhood of these two circles.
Letg € COOO(RQ; [0, 1]) be such that g(x) = O for |x| < 2 and g(x) = 1 for |x| > 4. We
define
= (2) =0 1=

1, |x|>4e

and

8x 1, |x| < &=

2 )
g£<x)=1—g(>={ e,
<

L 0, |x|>

With the help of all the auxiliary functions above, we define a new function

1, |x|>%
l+g§(ﬁ—l), %<|x|<%

fo=148 (sife = 1) =1 Jos 4e < |x| < %
galﬁ, 2e < |x| < 4e
0, |x| < 2e.

Clearly f. satisfies (i) and is smooth across |x| = ¢ and |x| = ea,, so it remains to prove (ii).
From the definition of f,;, we immediately see that || ;|| = 1. To simplify the write-up,
we use the notation L? (a, b) = L?(a < |x| < b). Clearly gs1 and gs2 are uniformly bounded
in L* and Vg! and V gg are uniformly bounded in L2. Using these observations we estimate

IV fell 2 < IV (82 Fe)li2@estey + IV Fell 2 (ae, 2oy + IV (82 (fo = 1)) 2 eme s

< C(IV RN + 1 oo + 1 = Hps(ese )
C C

< +

T JVIna,  Ineg
C

<

JIn o,

where we used the bounds

In(|x|/e)
In o

C
<

LooQ2e.de) N0

| fellLoo2e,4e) =

and

In(|x|/(ea))

In o

C
<

po(ge ) - o

Ife — Ul oo (ege caey =
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Similarly, using in addition that | |x| Vgl | , . and || [x|V?gL |, » are bounded independently
of e fori = 1, 2, we can estimate

”|x|V2f£ ”L2 = H|X|V2 (gslfs)HLZ(nge) + H'X|V2J7SHL2(4E.%)
+ X1V (82 (s = D)] FRTE

= C(IIV2Tel o + IV Folle + e Neoeieaor + 16 = Vlzoseoe 20 )

C C
S [ —_—
Ine, Inog
C
< .
JInog
Finally,
Ife = Tze < llge fo = Wlz2ee) + I1fe = Ul2qae, e
+ 1182 (fo = Dlla(ese ey + I L2 26
< C(Ife = Uiz + 1l 2r)<4e))
g0l
<C + ¢
<ln o >
<c %
~ Inag
This completes the proof of the lemma. O

The function f; is a cut-off in the neighborhood of the disk D(0, ¢). We define now a
cut-off in the neighborhood of the disk D(h.(¢), €) by setting

Ne(t, x) = fe(x — he()).
Lemma 3 immediately implies that 1, has the following properties:
Lemma4 We have that

(@) ne € WhS R )
(il) ne vanishes in the neighborhood of the disk D(hy(t), €) and n. = 1 for |x — hg(1)| >

e,
(iii) there exists a universal constant C such that
C 2 C
=1, |V < . lx = he )|V < 20
ez 1Vellz2 = s [1x = heIV0e | 2 N
and
e
line = 1lp2 < C—=- 1)

&€

Given a test function ¢ € C b1 (Ry; C§.) we construct a test function ¢, on the set [x —
he(t)| > € by setting
e = V(¥ (22)

where ¥, was defined in Sect. 2 (see relation (14)). We state some properties of ¢, in the
following lemma:
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Lemma 5 The test function ¢, has the following properties:

(1) ¢ € WHRR,; C(‘)”OU) and is supported in the set |x — hy(t)| > &;
(i) @ — @ strongly in L®(0, T; H') as ¢ — 0;
(iii) there exists a universal constant C such that

l@ellpooo,7: 1y < Cll@ll Lo, 7: 13- (23)

Proof Since 1, and v/, are W' in time and smooth in space, so is ¢,. The compact support
inx of ¢, inthe set |[x —h. ()| > € follows from the compact support of ¢ and the localization
properties of .. Obviously ¢, is also divergence free so claim (i) follows.
Recalling that VJ"(//'g = ¢ we write
Qe — ¢ =VMeVe) =9 = VInYe + 0V e — @ = Ve + (e — Do.

Using the bound (15) and recalling that V1, is supported in D (h.(t), ;) we can estimate

e —@liz < lme — Dell2 + 1IVneell 2
< Ime — U2 ll@lizee + IVnell 2 1 | Loo (DR, (1), 20e))
< ne — Ulp2lleliie + eae|Vnell 2 ll@ll Lo
= ll@llLoo(lne — Mgz + eae Vel p2).

Taking the supremum on [0, 7] and using (19), (20) and (21) we deduce that

Elg e—0
— ) g < C ) 2y —> 0. 24
lge — @llpoco,7:02) = M”‘P”L ([0,T]xR2) (24)

Next,
IV(ge — @)li2 = IVVE (e — D) |l 12
< IVl 2 4+ CIVell 2 Ve ll oo + lIne — Ul 21V el o
We bound the first term on the right-hand side using (17) and (20):

C
\A%n < Cliglree|lx — he(t)|V? < ——llgllre.
IVV=neelip2 < Cligliis |[lx — he(@)] nglle_muwuL
Recalling that V4, = ¢ and using again Lemma 4 we infer that
C
v — < o~ + C||V oo + —1 \Y% 00
IV(ge — @) 12 MH‘PHL IVaelzlelize + line — Hi2 Vel
<< loll
= Ve, Wt

Combining this bound with (24) implies that

e—0

C
lpe — §0||L00(0,T;1-11) =< 7||<P||L°0(0,T;W1»00) — 0.
JInag
In addition, we obtain that there exists a universal constant C > 0 such that

l@ell Lo, 7: 51y < Cll@ll Lo, 7 HINWL.00)-

Using the Sobolev embedding H> < W 1% completes the proof of the lemma. O

We end this section with an estimate on the H ! norm of the time-derivative of @,.
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Lemma 6 Let w be an H' vector field. There exists a universal constant C > 0 such that for
all times t > 0 where hy is differentiable we have that

2.2

efa;
< Cllcurlwll2 10:0(z, )l Lo
In o,

‘ / W(x) - Bre(t, x) — dy(t, X)) dx
R2

£
JInog

Proof Let t be a time where A, is differentiable. We use (22) to write

+ LAGHIZE ')||L°°)-

/ w(x) - (0re (1, X) — 0rp(1, x)) dx = / w - V(e — De)
R2 R2

_ / curlw d; (e — 1)¥re)
RZ

—/ curl w 9;ne Y —/ curl w (ne — 1)0: Y.
R2 R2

Clearly
e = 8 (fe(x = he(1))) = —hy (1) - V fo(x — he (1))

is supported in the set {|x — h. ()| < ea.}. We can therefore bound

/ curl w 9;ne e
R2

< Clh ) |curl w|V fe(x — he ()|

|x—he(t)|<eoe
< Clhyll curl wll 21V fell 216 | Lo (D (he (1), 80 ))

e
<C
VIn o,
where we used (15) and Lemma 3.
Similarly, n, — 1 is supported in the set {|x — h.(¢)| < o} so we can use (16) and (21)
to deduce that

Ihe 1| curlwl| 22 [l ]l oo

‘/2 curlw (ne — Dose| < | curlwllp2llne — 1l L2110 Ve Lo (D (he (1), 20t ))
R

e
< C—|curlwl| 2 (sae |8 ll e + |h (D]l @]l L)
In o
The conclusion follows putting together the above relations. O

4 Temporal Estimate and Strong Convergence

The aim of this section is to prove the strong convergence of some sub-sequence of v,. More
precisely, we will prove the following result.

Lemma7 There exists a sub-sequence v, of ve which converges strongly in L0, T; LZQ()C)'

To prove this lemma we first show some time-derivative estimates and then use the Ascoli
theorem.

Letg € C(Ci"(r (R?) be a test function which does not depend on the time. Even though ¢
does not depend on ¢, we can still perform the construction of the cut-off ¢, as in Sect. 3
(see relation (22)) and all the results of that section remain valid. Observe that even though
¢ does not depend on the time, the modified test function ¢, is time-dependent.
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Let us denote by H the space of H* divergence free vector fields on R?. We endow H?
with the H* norm. The dual space of Hj is H,*. We have that Cg7, is dense in H for all
s eR.

Lett € [0, T] be fixed. We use Lemma 4 and relation (15) to bound

‘/ Ve (t, x) - @e(t, x)dx
R2

= V Ve - VE(ere) dix
RZ

/ Vg - (VLns‘/fe + ne@) dx
R2

< Mvell 2 Vel 2 el Loo (Do (1), 6e0)) + NVell 2 mellLo @]l 2
£

<C vellr2 oo =+ ||vell 72 2
MH el llelle lvell 2 llell,

= Killell g2

for some constant K independent of ¢ and . We used above the Sobolev embedding H? >
L%, the boundedness of v, in L (0, T; L?) and relations (19) and (20). We infer that, for
fixed ¢, the map

CiL 29— / ve(t,x) - @ (t,x)dx € R
, -

is linear and continuous for the H2 norm. Since the closure of Cgod for the H? norm is H(f,

the above map can be uniquely extended to a continuous linear mapping from Hg to R.
Therefore it can be identified to an element of the dual of H2 which is H ;2. We conclude
that there exists some E.(t) € H, 2 such that

(Be(0), @) = /2 Ve(t,X) - e (t, x)dx Yo € HZ.
R
Above (-, -) denotes the duality bracket between H 2 and H?2 which is the extension of the
usual L2 scalar product. In addition, we have that |E.(¢)|| z—2 < K1, so E, belongs to the
space L>°(0, T; H 2) and is bounded independently of ¢ in this space.

Because ¢, is compactly supported in {|x — h.(t)| > €} it can be used as test function in
(13). Multiplying (13) by ¢, and integrating in space and time from s to ¢ yields

t t t
// Brva-gog—l—v// Vvszv%—i-// Ve - Vg - e = 0.
s JR2 s JR2 s JR2

We integrate by parts in time the first term above:

t
// arvs‘(/’s:/ vs(t,x)-wa(t,X)dx—/ Ve (s, x) - @ (s, x)dx
s R2 R2 R2
t
_f/ Vg - 0r Q¢
s JR?

!
= (Ee(t) — Ec(5), 9) _/ / Ve - O @e.
s JRZ?
We deduce that

t t
(Be(t) — Ee(s), 9) :/ / vs'ar(Pa_Vf / Ve : Vo
s JR? s JR?
t
- / / Ve + VUg * @e. (25)
s JR?
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‘We bound first

t
u// Ve : Vo,
s JR?

IA

t
V/ Vvell2IVeell 2
s

IA

1
Cvt —$)2ll@ll g3V Vell 20, 71xR2)

1
=K@t —35)2ellgs
where we used (23) and the hypothesis that v, is bounded in L2(0, T; H').
To estimate the last term in (25) we use the Gagliardo—Nirenberg inequality || f]l;4 <
1

1 1
C|l fllz2 ||Vf||22, the boundedness of v, in the space displayed in (12) and relation (23):

t t
// Ve - Vg - @ // Ve - Ve - g
s JR? s JR?

t
2
= / l[ve Iz 4l Veell 2
N

t
f/ llvell L2 1V Vel L2 | @e ll g1
N

1

<C@—s)? ||Us||L0<>((),T;L2)||VU8||L2([0,T]XR2)||(P||H3
1

<K@ —s)2ellys-

It remains to estimate the first term on the right-hand side of (25). To do that, we use
Lemma 6. Recalling that ¢ does not depend on the time, we can write

! e !
Ve - 07| < C / curl vg || 2|A% ||l @ ]l o
[ [ ve-vew| = 2 et vl il
< C—=_g| /tu 1ol 2 1A
— 2 curlv 2
BRRVIT S
<C( s)%||<p|| Eoe sup |AL|| curl v ||
= - H? = eIl L2([0,T]xR2)-
M[O,T] 3 ([0, T]xRR=)

Due to the hypothesis imposed on «,, see (19), we know that % supyg. ) 7| goes to
0 as ¢ — 0. In particular it is bounded uniformly in €.
Recalling again the boundedness of v, in the space L? 0, T, H 1 ), we infer from the above
relations that .
(Ee () — Ee(s), @)l = K(r — 9)2 @l 3
where the constant K does not depend on ¢ and ¢. By density of Cg"’[r in HS we infer that

18:(t) —Ec(s)lg—3 < K(t— s)% . The functions E(¢) are therefore equicontinuous in time

with values in H 3. They are also bounded in H; 3 because we already know that they are

bounded in H 2. Since the embedding H > < ngc4 is compact, the Ascoli theorem implies

that there exists a subsequence E;, of E; which converges strongly in co(o, T1; ngf ).
Recalling the definition of E, and using Lemma 4 we can write

[{(Ee () —ve(n), @)| = ‘/ ve - (Ve e + 109) dx —/ Vg - w‘
R2 R2

= ’/ Ve - (VEnave + (e — Do) dx
R2

< Cllvell p2IVaell 2 1We l Lo (D (he ). £ )
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+ Cllvellz2line — 12 llellize

< Cllvell2lloll e |
vV, o0 —_—
= el 2IPIL e, | Ina

£l
< Cllvellz2llell g2 ——-
N
Hence ca 0
—- & E—>
1Ee(®) —ve@®llg—2 < Cllvellp2——= — 0

JIn o,

uniformly in time. Recalling that E, converges strongly in ngc uniformly in time we infer

that v, also converges strongly in L*°(0, T'; ) The interpolation inequality || - [|;2 <
1

loc

1 4
-1 > - I3, 3 p and the boundedness of v, in L2(0, T; H') finally imply that v, converges
strongly in L 3 O, T; LIOC) < L%(0, T; LIOC) This completes the proof of Lemma 7.

5 Passing to the Limit

In this section we complete the proof of Theorem 4. It is now only a matter of putting together
the results proved in the previous sections.

Given the boundedness of v, in L0, T; L) N L2(0, T; H') and Lemma 7, we know
that there exists some v € L0, T; Lz) N L2(0, T; Hl) and some sub-sequence v, such
that

ve,—v  weaksk in L0, T L%
v, —v weakly in L0, T; H") (26)
and
Vg, — v strongly in LZ(O T; LIOC) (27)

Letp € C3°([0, T) x R%)bea divergence-free vector field. We construct ¢, asin Sect. 3,
see relation (22). Since ¢, is compactly supported in the set {|x — hg, (t)| > &}, we can
use it as test function in (13) written for ;. We multiply (13) by ¢,, and integrate by parts
in time and space to obtain that

T T T
_/ / Usk : aIWSk + V/ / Vvek : V@Sk + / / Uek . V'ng : (Psk
0 R2 0 R2 0 R2

- fR 0,045, 0) (28)

We will pass to the limit ¢ — 0 in each of the terms above.
First, we know by hypothesis that v, (0)—vo weakly in L?. From Lemma 5 we also have
that ¢g, (0) — ¢(0) strongly in L2, s0

/R e (0) - 5 (0) ey AUCRIC) (29)

Next, we also know from Lemma 5 that Vg, — V¢ strongly in L2([0, T] x R?). Given
that Vv, = Vv weakly in L2([0, T] x R?), see relation (26), we infer that

/ / Vi : Vo, f / VvV (30)
R
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The nonlinear term also passes to the limit quite easily. We decompose

T T T
/ / Vg * Vl)gk c Qe = / / Vg * Vvsk % +/ / Vg * Vvsk : (%k - §0)
0 R2 0 R2 0 R2

We know from (27) that ve, — v strongly in L2(0, T; L ), from (26) that Vg, —Vu

loc
weakly in L2(0, T'; L?). Recalling that ¢ is compactly supported and since we obviously

have that ¢ is uniformly bounded in space and time we can pass to the limit in the first term
on the right-hand side:

r ex—0 r
/ / vak-vak-go—>/ / v-Vu. .
0 JR? 0 JR?

To pass to the limit in the second term we make an integration by parts and use the Holder
1

1 1
inequality, the Gagliardo—Nirenberg inequality || f||;4+ < C| f ||Z2 |V f ||z2 and Lemma 5

T T
/ / Vg - Vng . (‘Pek - (.0)’ = ‘/ / Vgy ® Vg - V(@b‘k - §0)
0 R2 0 R2

T
< /O e 1241V @6y — @)1l,2

T
<c /0 1o, 12 V06 219 ey — @)112

1
< CT2 vl pooco, ;.2 Ve N 20,72 11y
le, — W”LOC(o,T;Hl)

er—0
2200,

r ex—0 r
Ve - VUg, - g —> v-Vu-o. (31
0 R2 0 R2

The last term we need to pass to the limit is the term with the time-derivative. Thanks to
Lemma 6 we can bound

T
/ / vé‘k ° (8t(pak - at‘P) dx
0 R2
T

2.2
& Exlle,
<C /0 | curl ve, || 2 (18"||a,<p||m + |h;k(r>|||go||Loo>

nog, JInag,

2.2
1 Ck e EkOey
< CT2 vl 20,7 a1y @l wiieo 0,7 1,00y Max ( |h£k (0]

9
Inag ~ /Inag,

We infer that

er—0
—

0

where we used (19). But we also have that

r gr—0 T
Vg - 00 —> V-0
0 JR2 0 JRr2
r Ek—>0 r
Vg, 01 Qs —> v - 0. (32)
0 R2 0 R2
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Gathering (28), (29), (30), (31) and (32), we conclude that

T T T
_/ / v~8,<p+v/ / Vv:Vgo—i—/ / v-Vv-gOZf v(0) - (0)
o Jr2 o Jr2 0 JRr? R?

which is the weak formulation of Navier-Stokes equations in R2. This completes the proof
of Proposition 1.
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